
Lecture 8:

Fourier Methods

c©
At the close of the last Lecture we indicated the plausibility of representing a function, over a finite

interval, by a Fourier series, (7.94-5) or (7.98). In viewing these formulae it is useful to mentally carry the

distinction between truly periodic functions, and those defined in an interval which become periodic as a

result of a fourier series.

First a short digression on some reasons why Fourier’s contribution was so far reaching and profound. On

several occasions we have encountered the transition between finite and infinite. In considering a continuous

function, f(s), for example on the unit interval, (0, 1), we would need a lookup table of infinite length, to

give f at each location of the interval (0, 1) – an unattainable notion. Sampling at a finite number of points

is a start and gives a finite dimensional representation of the infinite situation, and understandably is not

always adequate. Recall the function which is zero on the rationals, and unity on the irrationals (a diabolical

invention – by mischievous mathematicians).

Fourier series show us an entirely different way of dealing with continuous functions seemingly different

than sampling. For f(s) defined by (7.98) we now have another way of talking about functions. If we imagine

some (infinite) space of functions (e.g. all continuous functions) defined on (0, 1) for which there is an

expansion (7.98), then this space of functions can be equally well-described by a denumerably infinite vector

a = (· · · , a−1, a0, a1, · · · )†, (8.1)

the fourier coefficient. Furthermore we can now seek to sample such functions, in finite terms, by limiting

the number of sinusoids {e2πins}, in some rational way.

Toward this end observe that the distance to the origin is
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‖f‖2 =
∫ 1

0

f(s)f∗(s)ds

=
∑

n

|an|2 = ‖a‖2, (8.2)

so the transformation between function and fourier series is unitary! A rational approximation to a function

might be based on

f ≈
∑

|n|<N

ane2πis = fN (8.3)

with ‖fN‖2 being for example 99% (say) of ‖f‖2.

This is a powerful concept for replacing an infinite (or large) framework, by one that is

finite, and perhaps small, along with an estimate and controllable error

One more comment. In contrast with Taylor expansions, convergence problems now become far more

benign. For example the absolute value function |x|, for −1 < x < 1, called the triangle wave,

Fig. 8.1: The triangle wave |x| for −1 ≤ x < 1 is extended periodically by (8.4). The

broken lines represent 1,2 and 4 term approximations.

has no Taylor expansion to speak of around the origin. On the other hand its Fourier series

|x| =
1
2
− 4

π2

{
cos πx +

cos 3πx

32
+ · · · + cos(2k + 1)πx

(2k + 1)2
+ · · ·

}
(8.4)
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converges very nicely and quickly everywhere in the interval as seen in Figure 8.1. Note that a Taylor

expansion is local, and by contrast, a Fourier expansion uses global functions, viz., sinusoids.

Exercise 8.1. (a) Obtain (8.4).

(b) Show that for |x| ≤ 1

|x| =
1
2
− 4

π2

2∑
n=0

cos(2n + 1)πx

(2n + 1)2
(8.5)

captures 99.99 % of the variance.

(c) Plot (8.4) for 2,3,4,5 terms and confirm Figure 8.1

This in a nutshell is Fourier analysis. Again, all else is really commentary and will be lightly touched on

• Symmetry plays a key role in the form taken by a Fourier series. E.g., the triangle wave (8.4), is an even

function in the origin, so its expansion appears in terms of even functions, {cos(2n + 1)πx}, only odd

harmonics appear because |x| is an odd function about x = 1/2. [The square wave, Figure 8.2, sgn(x),

for −1 < x < 1, an odd function, has an expansion in the odd functions, {sin(2n + 1)πx}, and is even in

x = 1/2.]

Exercise 8.2. (a) Obtain the square wave expansion

sgn(x) =
4
π

(
sin πx +

sin 3πx

3
+

sin 5πx

5
+ ...

)
(8.6)

(b) Plot (8.6) for − 1
2 < x < 1

2 for 2,4,5,8 terms to find that there is always a ≈ 7% overshoot or undershoot

for x ≈ 0. This is known as Gibbs’ phenomenon, and always appears at a discontinuity.

If you go back to the toy model of yeast, (5.4), you see that it uses a 2-term approximation to (8.6) and

because of the Gibbs’ phenomenon the constant 1.1 was added.
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Fig. 8.2: The square wave, sgn(x) (8.6) for −1 < x < 1, is shown. The number of

terms in (8.6) is indicated. Note the over and undershoot at the discontinuities, Gibbs’

phenomenon.

Exercise 8.3. Find the Fourier series for (a) Full wave rectification of cos πx, i.e., |cos πx|, |x| ≤ 1/2.

(b) Half wave rectification of cos πx.

Another symmetry is that of translation in the independent variable. So for example for f(s) 1-periodic,

we can write instead of (7.98),

an =
∫ 1+s0

s0

e−2πinsf(s)ds (8.7)

for any s0, and in particular s0 = −1/2 gives

an =
∫ 1/2

−1/2

e−2πinsf(s)ds, (8.8)

which is sometimes convenient.

• In physical problems variables carry some set of units, e.g., seconds, minutes, hours etc., or inches, meters,

etc. E.g. if F (t) is a signal in the time domain, say defined for −T/2 < t < T/2, then the basis functions

periodic in this interval are {e2πint/T } and

F (t) =
∞∑
−∞

ane2πint/T , (8.9)

with
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an =
1
T

∫ T/2

−T/2

e−2πint/T F (t)dt =
1
T

∫ T

0

e−2πint/T F (t)dt. (8.10)

The analogue of (8.2) is

1
T

∫ T/2

−T/2

|F (t)|2dt =
∑

n

|an|2. (8.11)

ω = 1/T has the dimensions of reciprocal time, and thus is a frequency, and (8.9) in words says that F (t)

can be decomposed into an infinite admixture of sinusoids with all integer multiples of this base frequency,

we observe a0 is the mean value of F (t), and if F (t) is real,

an = a∗
−n. (8.12)

• To consider the infinite domain in which case the signal is said to be aperiodic, we go back to (8.9) and

(8.10) and set

Δω = 1/T. (8.13)

In common usage for (8.9) and (8.10) t is time, and T , the period, is also time. It follows that Δω, (8.13),

has units of reciprocal time and is an increment of frequency. Next, suppose F̃ (ω) is defined so that its

sampled version is

F̃ (nΔω) = anT (8.14)

or from (8.13)

an = ΔωF̃ (nΔω). (8.15)

It then follows from (8.10) that

F̃ (nΔω) =
∫ T/2

−T/2

F (t)e−2πit(nΔω)dt (8.16)

and

F (t) = Δω
∞∑

n=∞
F̃ (nΔω)e2πit(nΔω) (8.17)

If T ↑ ∞ we formally obtain, with ω = nΔω,

F̃ (ω) =
∫ ∞

−∞
F (t)e−2πitωdt (8.18)
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and

F (t) =
∫ ∞

−∞
F̃ (ω)e2πiωtdω, (8.19)

i.e. (8.18) and (8.19) are a Fourier pair that correspond to (7.98). Just as we showed that the finite Fourier

transform is unitary, (8.2), the same informal argument given above shows that

∫ ∞

−∞
|F (t)|2dt =

∫ ∞

−∞
F̃ (ω)F̃ ∗(ω)dω =

∫ ∞

−∞
|F̃ (ω)|2dω, (8.20)

and the Fourier transform is unitary. Note that the absolute sign in the second integral of (8.20) is required,

since F̃ (ω) is complex, even when F (t) is real.

• Tables of Fourier transforms and their inverses exist, but in the modern era of numerical computing, there

appears to be less need of these extensive tables.

• On occasion we encounter the form eiΩt, instead of e2πiωt

as above. This form has the period

T = 2π/Ω. (8.21)

and Ω is said to be the angular frequency. [The spatial counterpart of eiΩt is eikx and k is termed the

wavenumber. It has the dimension of reciprocal length, and 2π/k is the corresponding wavelength.]

• It is clear that the coefficients of an, for the triangle wave, (8.4), are O(1/n2); and for the square wave

(7.4) are O(1/n). In general if f is Ck (where k is the number of derivatives f possesses) then:

Exercise 8.4. Show an = O(1/nk) by parts integration for when f is Ck.

• For later purpose we note that trigonometric functions have the property that they are self-reproducing

(eigenfunctions) under the second derivative, e.g.

d2

dt2
e2πint = −(2πn)2e2πint. (8.22)

As another example the functions, φn = sin πnx, for integer n, have the property

d2φn

dx2
= −(πn)2φn (8.23)

and these eigenfunctions satisfy the boundary condition

φn(0) = 0, φn(1) = 0. (8.24)

Deliberations of this sort, and those already considered for matrices are cut from the same cloth.
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Exercise 8.5 Suppose the temperature T in a bar of unit length 0 ≤ x ≤ 0 is initially T o = x. We have

shown T satisfies

∂T

∂t
=

∂2T

∂x2
(8.25)

Both ends are insulated at

∂T

∂x
= 0 at x = 0, 1. (8.26)

Solve for T = T (x, t).

• As touched on in earlier lectures many situations are well characterized by linear input s versus output r

relations. In one dimension this says

r(x) =
∫ ∞

−∞
W (x, y)s(y)dy (8.27)

where W (x, y) is the weighting at x due to a unit stimulus at y1. For a homogeneous system the weight

should only depend on the distance from x so that

r(x) =
∫ ∞

−∞
W (x − y)s(y)dy = W ∗ s (8.28)

where W ∗ s is notational and is called a convolutional product. In the time domain this becomes

r(t) =
∫ ∞

−∞
W (t − t′)s(t′)dt′

=
∫ t

−∞
W (t − t′)s(t′)dt = W ∗ s, (8.29)

i.e., causality forbids the future from influencing the past. The formalism still remains if we take

W (t) = 0, t < 0. (8.30)

Exercise 8.6. Demonstrate

(a) f ∗ g = g ∗ f, (8.31)

and the convolution theorem,

(b)
∫ ∞

−∞
e−2πiωt(f ∗ g)dt = f̃(ω)g∗(ω). (8.32)

1 W (x, y) = W (y, x) if there is symmetry between cause and effect.
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• Although the preceding remarks have been made for one-dimension they appropriately carry over to higher

dimensions.

• It follows from (8.32) that if we encounter a Fourier transform which can be factored then the inverse

transform may be expressed as a convolution. To illustrate this consider (8.20) in which the spectral

density

|F̃ (ω)|2 = F̃ ∗(ω)F̃ (ω) (8.33)

appears. It follows that (8.33) is the fourier transform of

C(t) =
∫ ∞

−∞
F (t − s)F (s)ds =

∫ ∞

−∞
F (s′)F (t + s′)ds = C(−t) (8.34)

since F (t) is real C(t) is called the auto-correlation, since it tells us how well a signal is correlated with

itself, as the displacement t changes.

Discrete Fourier Analysis

To turn our discussion of Fourier analysis into practical terms, we must resort to numerical computation.

In this respect consider (8.9) and set

Δ = T/N. (8.35)

where Δ is a sampling increment based on a selection of N samples.

Fig. 8.3: The function π sin πx +
√

2 sin
√

2x − √
3 cos

√
3x sampled uniformly at 50

points of the interval (−5, 5). Note that this is not a periodic function.
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It then follows from (8.9) that

Fk = F (kΔ) =
∞∑
−∞

ane2πink/N . (8.36)

An important observation is that

Fk+N = Fk (8.37)

so that the original function has become an N -periodic sequence. Next if we use the Euler rule to approximate

an, (8.10), then from the second form

an ≈ ãn =
1
N

N∑
k=1

e−2πink/NFk. (8.38)

If all {an} are known then Fk is exactly given by (8.36), but as indicated ãn, (8.38), only approximates the

value of an, and in addition as a result of the approximation, (8.38), ãn+kN = ãn, for any integer k. That

{ãn} is N -periodic is a consequence of e−2πink/N being N -periodic, in both k and n. To follow up on this

recall that e2πik/N is an N th root of unity.

(
e2πik/N

)N

= 1 (8.39)

Recall, (1.43), if z is an N th root of unity

1 + z + z2 + · · · + zN−1 =
zN − 1
z − 1

= 0 (8.40)

from which we have

N−1∑
n=0

e2πink/N = 0 =
N∑

n=1

e2πink/N . (8.41)

But this implies that {e2πikn/N} are orthogonal, since from (8.41)

(e2πik′n/N , e2πikn/N ) =
N∑

n=1

e−2πik′n/Ne2πikn/N = Nδk,k′ . (8.42)

With this in mind consider

An =
N∑

k=1

e−2πikn/NFk, (8.43)

where Fk are the known sample values of F (t), (8.36). Note that

An = Nãn, (8.44)
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is purely a notational change, (8.38), and is introduced in order to conform with Matlab usage. It then follows

from (8.42) that

Fk′ =
1
N

N∑
n=1

Ane2πink′/N , (8.45)

so that (8.43) and (8.45) exactly represents the sampled known data, F (t). [In Matlab if F , a vector,

represents the N sampled points then A = fft(F) gives (8.43), and F = ifft(A), the inverse.]2

Example

Visual System of the Horseshoe Crab. The horseshoe crab (Limulus polyphemus) is a familiar sight on

East Coast beaches. It has a compound lateral eye, Figure 8.4. Each element, referred to as an ommatidium,

functions as a simple photoreceptor. The roughly one thousand ommatidia in each eye, each gives rise to a

nerve fiber or axon, which come together in the optic tract that carries visual information to higher centers.

This in effect is the same scenario that describes human vision.

Fig. 8.4: The horseshoe crab (really a member of the spider family) has two lateral

eyes, a caricature of one is indicated in the inset.

Illumination falling on the horseshoe crab eye is biochemically transduced into electrical pulses, action

potentials, that travel along the axons. The voltage time traces of the action potentials have near identical

shape, implying that frequency of pulses, and not shape, carries visual information. For a single ommatidium

2 Note that (8.43) may be regarded as a matrix transformation, and (8.45) as its inverse.
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that is illuminated – all others receiving no light – one finds that frequency of firing is proportional to the

logarithm of the light intensity, Weber-Fechner law (2.5). To avoid carrying the logarithm, we measure

illumination by this excitation; i.e., we measure the intensity of light falling on an ommatidium by the

spiking frequency which such light intensity would produce in the absence of stimulation of other ommatidia.

Denoting the response of the nth ommatidium by rn (measured in the axon as spiking frequency) and the

excitation of the nth ommatidium by εn we have

rn = εn (8.46)

in the absence of interaction of other ommatidia. Experiment reveals that stimulation of neighboring omma-

tidium reduces the response of a test ommatidium. This phenomenon, known as lateral inhibition, is observed

to be linear.

To create a simple model which takes into account these effects, we consider a one-dimensional system of

interactions, as indicated in Figure 8.5.3

Fig. 8.5: Schematic of the interaction pattern of photoreceptors. Generally photon ar-

rivals at a receptor produces inhibition in neighbors, shown on the left. The nearest

neighbor model, (8.47), is schematized on the right.

The inhibition acting on an ommatidium is proportional to the linearly summed responses of the neigh-

boring ommatidia. Further, it is reasonable to assume that as long as we are away from the boundaries the

3 This formulation can also be regarded as the response of the 2-dimensional eye to one-dimensional light patterns.
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inhibitory network is basically the same for all ommatidia. Putting the pieces together, the response of the

nth receptor is governed by the Hartline-Ratliff equation

rn = εn − α(rn−1 + rn+1), (8.47)

where we make the further assumption that only nearest neighbors count.

Equation (8.47) is a second order linear difference equation4 with an inhomogeneous term, εn, and therefore

in spirit can be thought of as a 2nd order ode. Suppose for example that εn = Eo is a constant, i.e., there is

uniform illumination. It is then appropriate to assume that rn = Ro, a constant, from which it follows that

Ro =
Eo

1 + 2α
, (8.48)

so Ro < Eo as a result of lateral inhibition.

To briefly summarize we observe that a period function if sampled uniformly at N points becomes an

N -periodic sequence. Next any N -periodic sequence {Fk},

Fk+N = Fk (8.49)

can be represented by the basis set of N -periodic sequences, {e2πin/N}, i.e.,

Fk =
1
N

N∑
n=1

Ane2πink/N (8.50)

where

An =
∑

=
N∑

k=1

e−2πink/NFk. (8.51)

From another perspective

e2πink/N (8.52)

regarded as a matrix in the indices n & k, has

e−2πink/N (8.53)

as its inverse.

To solve (8.47) for an N -periodic stimulus it is reasonable to suppose that rk is also N -periodic. Therefore

4 Recall the the Fibonacci numbers are generated by a 2nd order difference equation, (2.33).
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εn =
1
N

N∑
k=1

ε̃ke2πink/N (8.54)

with

ε̃k =
N∑

n=1

εne−2πink/N (8.55)

known. Next the unknown rn is written as

rn =
1
N

N∑
k=1

r̃ke2πink/N . (8.56)

Substitution into (8.47) yields

r̃k =
ε̃k

1 + 2α cos(2πk/N)
(8.57)

and the problem is solved with

rn =
1
N

N∑
k=1

ẽke2πink/N

1 + 2α cos(2πk/N)
, (8.58)

or computationally by taking ifft of (8.57). It is clear from the denominator in (8.58) that

α < 1/2 (8.59)

in order for this solution to make sense.

If we define

sn =
1
N

∑ e2πink/N

1 + 2α cos(2πk/N)
(8.60)

(it is the solution corresponding to εn = δno(= δnN )) then substitution of (8.55) into (8.58) shows that (8.58)

can be written as

rn =
N∑

n=1

sn−mεm = (r ∗ ε)n, (8.61)

i.e., a discrete convolution.

An interesting case is obtained if

εn = [0, 0, ...0︸ ︷︷ ︸
N/2

, 1, 1, 1, ..., 1︸ ︷︷ ︸
N/2

], (8.62)

i.e., a sudden jump in illumination. The result for N = 24 is shown in Figure 8.6. (A pedestal has been

added according to (8.48) in order to avoid negative firing rates.)
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Inspection of Figure 8.6 shows that the response to the right of the discontinuity and is greatest and least

to the left of it. Clearly this follows from the ommatidium at the right getting less inhibition, and the one

on the left getting more inhibition. This edge effect goes by the name of Mach bands. If we look carefully at

relatively sharp edges, say, of a shadow, in sunlight, we observe that our own visual system also produces

Mach bands. Specifically, as the edge is approached from within the shadow, a dark band appears, while if

it is approached from the light region, a bright band is perceived. The reason for this is probably the same

as that given in the case of the horseshoe crab – lateral inhibition, an observation of Ernst Mach well over

a century ago, based on pure thought. We mention in passing that impressionist painters such as Degas,

Monet, and others not only noted this effect but overcompensated for it in their paintings.

Fig. 8.6: Depiction of the solution of the nearest neighbor Hartline-Ratliff equation

(8.47) to a jump in illumination, (8.62). The “Mach band” appears at the discontinuity

as an over jump in activity to the right and a under jump in activity at the left, see

text.

Exercise 8.7 (Special). (a) Consider N -periodic solutions of (8.47) and demonstrate (8.57); (b) Carry

out the details that lead to Figure 8.6; (c) Suppose the domain of (8.47) is −∞ < n < ∞. Show that

rn ∝ γn (8.63)
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produces two solutions for γ. Can you put these together so that ε = δno? You will need a pedestal to avoid

negative firing rates. Graph and interpret your answer.

Sampling & Aliasing

At this point the relation between the exact {an}, given by (8.10) and the approximate form given by

(8.44) is of interest. A typical comparison is shown in Figure 8.7, and two discrepancies are apparent. As

already indicated ãn = An/N is N -periodic, unlike an which falls to zero as |n| ↑ ∞, given by the o′s in

Figure 8.7. Secondly, even in the base interval, −N/2 < n ≤ N/2, there is an error which becomes more

significant (percentage wise) for |n| ≈ N/2. ãn = An/N is said to be an aliased version of an, and we will

encounter this terminology in instances when discrepancies result from the sampling process.

Fig. 8.7: The coefficients of the Triangle wave, calculated exactly (8.4), o, and from

the discrete Fourier transform, (8.44), for N = 10.

Exercise 8.8 Compare exact Fourier coefficients for square wave and triangle wave with fft periodic

versions. Take N = 10 & 20.

Suppose we consider the simple sinusoidal signal

S(t) = e2πiωt = e2πit/T (8.64)

of period T = 1/ω. (The complex form is used for ease of exposition, and in the mind’s eye you might think

instead of cos 2πωt.) Imagine a wheel rotating, with frequency ω, on which there is a white dot, and that

we sample the motion with a strobe light, of frequency ωs. Then if ωs = ω the dot always appears at the

same location and the wheel appears to be motionless; if ωs < ω then the dot (wheel) appears to rotate at

frequency ∼ ω−ωs; if ω < ωs then the wheel appears to have negative rotation. This is a common experience.

To put this in analytical terms suppose we sample (8.64) at times Δt so that
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ωs =
1

Δt
(8.65)

is the sampling frequency. It then follows that the sampled version of (8.64) is

Sk = S(kΔt) = e2πi kΔt
T = e2πik ω

ωs . (8.66)

Fig. 8.8: S(t), (8.64), for ω = 10/9 is sampled uniform at ωs = 1, resulting in the

aliased, dashed curve, of frequency ω − ωs = 1/9.

Set

ωs =
ω

1 + δ
or δ =

ω − ωs

ωs
(8.67)

so that

Sk = e2πik(1+δ) = e2πikδ (8.68)

Thus if δ = 0 we get a constant if we sample, otherwise said

Sk = e2πik
(ω−ωs)

ωs = e2πikΔt(ω−ωs) (8.69)

which is the sampled version of S, viz., in continuous form

S̃(t) = e2πi(ω−ωs)t. (8.70)
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In Figure 8.8 we plot the sampled version of (8.64). These plots confirm the informal discussion given

above. We obtain an aliased version of (8.64) which gives an incorrect depiction of the original signal. Observe

that if

Ŝ(t) = S(t) + C sin ωsπt (8.71)

is sampled at ωs then for any C it produces Sk

Another illustration of this phenomenon appears in image capture. All non-analog images (photographic

points are analog) are uniformly pixelated (TV, computer monitor, newspaper, magazines, etc). If acquisition

of such an image is mismanaged, then incorrect sinusoids are generated These are seen as Moiré patterns,

as in the next figure.

Fig. 8.9: The image on the right is the original image and that on the left an improper

sampling of the ”original” exhibiting Moire patterns.

Intuition for understanding and properly dealing with this general class of phenomena comes from (8.2)

and its infinite analogue (8.20). Equation (8.45) states that, if done properly, we will exactly recover the

sampled points {Fk}. Equations (8.2) and (8.11) tells us how |F |2 is distributed amongst the coefficients {an}.
In a real sense the spectral density, |an|2 or |F̃ (ω)|2, for the infinite case contains the important information

about the function F (t). These tell us what is the strength of the corresponding harmonic.

Exercise 8.9. Figure 8.3 was constructed by taking uniform 50 samples, ”o”, from π sin πx +
√

2 sin(
√

2x) −√
3 cos(

√
3x) in the interval (−5, 5). Use the 50 samples to locate the three frequencies.

Nyquist Criterion & the Sampling Theorem

An important result in regard to sampling arises out of first considering periodic signals that are band or

frequency limited, e.g. suppose

F (t) =
1
N

N/2∑
n=−N/2+1

Ane2πinωt, (8.72)
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is a signal of period T = 1/ω. Then the highest frequency in the signal (8.72) is Nω/2. If we now sample at

Δt = T/N

Fk = F (kΔt) =
1
N

N/2∑
−N/2+1

Ane2πink/N , (8.73)

then we can exactly determine {An} from

An =
N∑

k=1

e−2πink/NFk. (8.74)

the sampling frequency, 1/Δt, is Nω which is twice the highest frequency, Nω/2, in the signal. Twice the

highest frequency of a band limited signal is known as the Nyquist frequency. It is a general result, even for

aperiodic, band-limited, signals that if they are uniformly sampled at a frequency greater than the Nyquist

frequency, then the signal can be exactly recovered – without the aliasing artifact.


