
Lecture 1:

Calculus (Part I)

c©
Put crudely, calculus is the study of the slope of a curve at a point, the area under the curve between

limits, and extensions of such notions. The implications of being able to carry out such calculations are

profound.

When we write a function as

y = f(x), (1.1)

we mean ordered pairs, the values of y at the points x. x and y can be discrete, or continuous or both. We

might then write (5.1). x is referred to as the independent variable and y the dependent variable. In both

the laboratory and in computation both x and y are discretely distributed variables. Conceptually, it is often

convenient to imagine a function of any origin as a table, real or virtual.

Newton’s Journey to London, a Fable1

Calculus is the invention of Isaac Newton (and Leibniz), and in his honor we can imagine that he assembled

a very large number of volunteers, all with synchronized watches. The volunteers are arranged, at known

distances, on the road from Cambridge, Do = 0, to London, DN , a voyage of ≈ 60 miles. At an appointed

time, to = 0, Newton leaves Cambridge for London by a horse drawn coach, and each volunteer records the

time of the coach’s passing tn, for the nth observer. This data can be assembled as a table

D Do = 0 D1 D2 · · · Dk · · · DN−1 DN

t to = 0 t1 t2 · · · tk · · · tN−1 tN

1 This is purely a fanciful tale. To say that Newton discovered the means for describing the area under, and the slope of a

curve does scant justice to Newton’s immense contributions. He was well aware of the impact of his investigations and used

his mathematical inventions to theoretically model the laws of the universe, which was his goal. In doing this he generated

the basic theoretical tools and language of science. All great physical theories that followed Newton, viz., dynamical systems,

electrodynamics, statistical mechanics, relativity, quantum theory as well as all current theories are phrased in the mathematical

language that Newton gave to us. In a very real sense no individual, other than Newton, is more responsible for the advanced

technological civilization that we now live in.
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where Dn refers to the known distance of the volunteers and tn the coach passing times they record. Thus

we write as

D = D(t), (1.2)

which gives distance traveled from Cambridge as a function of elapsed time. Given enough volunteers a

smooth enough curve is generated. See Figure 1.1.

Fig. 1.1: Isaac’s trip from Cambridge to London, distance versus time. The two chords,

heavy dashed lines, represent the speed estimates based on the time increments, Δ− &

Δ+. The heavy straight line comes from (1.5) and the heavy dotted line from (1.6).

In Matlab this is plot (t, D). The dots on the ordinate indicate volunteer position, the

corresponding time positions on the abscissa are not indicated.

From this Isaac can obtain virtually anything he might want to know about his trip. For example to find

what time he passed through the town of Epping, forty miles from Cambridge, he looks at the plot and finds
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that this occurred at tk by the construction in the figure. Next, he might want to know the velocity of the

coach at this instant. Since velocity, v is distance per time, Isaac calculates

v(tk) ≈ D(tk ± Δ±) − D(tk)
±Δ±

(1.3)

as the approximate velocity, where ±Δ± denotes a time difference, or increment 2 and D(tk+Δ±) is measured

at the nearby locations, reached at tk + Δ+ and tk + Δ−. As is clear from the figure as Δ → 0 gives the

tangent at tk, and therefore the ’instantaneous’ speed. As a matter of notation we write all of this as

v(tk) = lim
Δt→0

D(tk + Δt) − D(tk)
Δt

=
dD

dt

∣∣∣∣
t=tk

= D′(tk), (1.4)

which gives the slope at tk, denoted by the derivative defined on the right of (1.4). Clearly,

v(t) ≈ D(tk + Δ+) − D(tk − Δ−)
Δ+ + Δ−

, (1.5)

the secant looks better than the chords. See Exercise 1.4. It should be clear that the equation for the tangent

time line is

D(t) ≈ D(tk) + D′(tk)(t − tk) (1.6)

The table of slopes, v(t), which is plotted as a continuous line, in Figure 1.2 gives Isaac a time history of

velocities of the coach.

Fig. 1.2: Velocity, continuous line, and acceleration, the dashed line, versus time, cor-

responding to Fig. 1.1.

2 Δ, capital Greek delta, is typically used to denote a difference. For convenience we take the time increments to be uniform.
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Integration

In general if we sample a function f(x) uniformly at N points in an interval (a, b), Δx = (b − a)/N ,

fn = f(a + nΔx), n = 0, .., N (1.7)

then the area under the curve f(x) between a and b, denoted by
� b

a f(x)dx called the integral, is approximated by

� b

a
f(x)dx ≈

N�
n=1

fnΔx, (1.8)

i.e., the area is fit by rectangles of area, Δx · fn.

Under ordinary circumstances the right hand side, the Riemann sum, converges, as N ↑ ∞ to what is meant by the left hand

side namely the area denoted by the integral sign. The right hand side is also known as the Euler approximation of the integral.

The character of this approximation is illustrated in Figure 1.3. Note, we take right sided function elevations in the figure, and

in (1.8), and we could have equally taken left sided function elevations.

Fig. 1.3: The Euler approximation to calculating area under a curve is shown as rectan-

gles, note that one of these is filled with gray. The trapezoidal approximation improves

on this by fitting a straight line between points of the curve, indicated by dotted straight

lines.

At certain points we under-or over-estimate a quantity proportional to Δx ·Δy and overall we can expect an error of O(Δx)

(pronounced order Δx) if we use the Euler approximation. 3 Clearly, as indicated in Figure 1.3, a better approximation is

obtained if we use trapezoids 4 to fit the curve in which case

3 More generally a quantity, g(x), is O(xn) if
g(x)
xn , for x → 0 is bounded.

4 By definition a trapezoid is a quadrilateral with only one pair of parallel sides. The Chase Bank iconic symbol is composed

of 4 congruent trapezoids. Recall that area of a trapezoid is the arithmetic mean of the parallel sides times the height.
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� b

a
f(x)dx ≈

�
f(a)

2
+ f1 + f2 + ..fN−1 +

f(b)

2

�
Δx. (1.9)

This is said to be the trapezoidal approximation, and you might expect this to have an error of O(Δx2). You can also observe

that the trapezoidal rule is the arithmetic average of right and left handed Euler approximations.

One can create higher order, i.e., better integration schemes, but in the modern era of muscular computers it is a better idea

to allow the computer to do the grunt work and we therefore do not pursue cleverer schemes.

Exercise 1.1. In Matlab if {xn} are equally sampled points of f(x) so that {fn} are the sample values,

the Matlab function trapz, (x, f), which does not require uniform sampling, returns the area according to

the trapezoidal approximation. Experiment with simple functions such as sinx, cos x, xn and verify that the

Euler form gives an O(Δ) error and trapezoidal an O(Δ2) error. The Matlab function linspace is handy for

uniform sampling.

We now return to Figure 1.2 for v(t) and observe that from the above discussion, the area under the

curve v(t) between any two locations, can be approximated by rectangles. Thus for v(t) between t1, and

t2 = t1 + NΔt,

Area ≈ v(t1 + Δt)Δt + v(t1 + 2Δt)Δt + ... + v(t2)Δt =
N∑

n=1

v(t1 + nΔt)Δt (1.10)

where

Δt =
t2 − t1

N
, (1.11)

and if the area is then denoted by the integral sign

∫ t2

t1

v(t)dt = lim
Δt↓0

N∑
n=1

v(t1 + nΔt)Δt. (1.12)

From (1.3) the area of the kth rectangle is

v(tk+1)Δt =
D(tk+1) − D(tk)

Δt
Δt = D(tk+1) − D(tk) (1.13)

is just the distance moved in the increment Δt at time tk. Therefore the area

∫ t2

t1

v(t)dt =
∫ t2

t1

dD(t)
dt

dt ≈
N∑

k=0

vkΔt = D(t2) − D(t1) =
∫ D(t2)

D(t1)

dD (1.14)

e.g. using (1.13) successive terms cancel leaving (1.14), the net distance traveled. This is the Fundamental

Theorem of calculus, which loosely speaking says that the integral of the derivative of a function is the

function.

Alternately, consider the area under f(x), from some unspecified fiducial point to x, given by

A(x) =
∫ x

f(x′)dx′, (1.15)
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known as the indefinite integral. Therefore

∫ b

a

f(x)dx = A(b) − A(a). (1.16)

Then
dA

dx
=

A(x) − A(x − Δx)
Δx

=
1

Δx

∫ x

x−Δx

f(x′)dx′ ≈ f(x) (1.17)

so that the derivative of an integral is the integrand, an equivalent statement of the fundamental theorem.

Binomial Theorem

Next we will need the binomial theorem or expansion 5

(a + b)n = an + nan−1b +
n(n − 1)

2!
an−2b2 + · · · + nabn−1 + bn =

n�

k=0

an−kbk n!

(n − k)!k!
(1.18)

which is clearly true for n = 1, and if assumed true for n = N − 1, then (a + b)(a + b)N−1 proves it for n = N . This type of

proof is referred to as finite induction.

The coefficients are sometimes displayed as Pascals triangle6, displayed in Figure 1.4 below

Fig. 1.4: Pascal’s Triangle. The rows give the binomial coefficients. Many interesting

patterns can be discovered, in the triangle, some of which are mentioned in the text. At

right is the score (addition) of the values in the intercepted hexagons, and which leads

to the Fibonacci numbers.

5 n! = n(n − 1)(n − 2)... · 2 · 1, the so called factorial n.

6 There are many interesting features of Pascal’s triangle, e.g. after the line of ones, after which there is the line of integers,

after which is the line of triangular numbers, followed by the tetrahedral numbers, etc. Adjoining the “triangle” is a calculation

showing that the Fibonacci numbers can be derived from it. The ubiquity of the Fibonacci numbers, in the sciences, must be

regarded as an abiding mystery.
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Exercise 1.2. If a coin (possible unfair) is flipped we can associate a probability p for heads, and q for tails. Since these are

the only possibilities, it follows that p + q = 1. As an application of the binomial theorem observe

1 =
n�

k=0

n!

(n − k)!k!
pn−kqk (1.19)

(a) Give a convincing argument that

n!

(n − k)!
pn−kqk (1.20)

is the probability of throwing k tails in n tosses.

(b) Generalize this by demonstrating

(a1 + a2.. + al)
n =

�

k1+k2+..+kl=n

ak1
1 ak2

2 ...a
kl
k

k1!k2!...kl!
n! (1.21)

This is a democratic notation, and is easier than it looks. For k = 2 show equivalence with binomial expansion, (1.18).

(c) If in some biochemical soup, say DNA snips, proteins, etc., of l ingredients (c1, c2, ...cl) their respective frequencies (proba-

bilities) are ν1, ν2, ...νl then show

1 =
�

k1+k2...+kl=n

νk1
1 νk2

2 ...ν
kl
l

n!

k1!k2!...kl!
. (1.22)

Pn(k1, k2, ...kl) =
νk1
1 ...ν

kl
l n!

k1!k2!...kl!
(1.23)

is called the multinomial probability and is the probability finding k1 contributions of c1, k2 contributions of c2 etc. in n samples.

In another example suppose the data is given in functional form say y = xn, then from the definition of the derivative we

see

dy

dx
=

d

dx
xn � (x + Δ)n − xn

Δ
= lim

Δ↓0
xn + nΔxn−1 + .. − xn

Δ
= nxn−1, (1.24)

and the right hand side gives the derivative (slope) of a monomial of degree n. By implication the integral of a monomial is

� x

xndx =
xn+1

n + 1
. (1.25)

From Figures 1.1 and 1.2 one can conclude that integration produces a smoothing effect and that differentiation is unsmoothing.

This in effect is the entire basis of differential and integral calculus — “the rest is commen-

tary”.

Returning to Isaac’s trip, he next decides to also calculate the derivative of v(t), and on changing to the

more customary notation x(t) = D(t)

a(t) =
dv

dt
=

d2x

dt2
(1.26)

which is the acceleration and is also shown in Figure 1.2. In Figure 1.1 since Isaac’s coach is always moving

forward the slope is always positive, however since the velocity varies, the slope of the velocity curve, Figure

1.2, takes on positive and negative values, so velocity experiences positive and negative changes. Obviously,

through Epping, Isaac’s coach is climbing a hill.

It is Isaac’s intention to apply his own 2nd Law of Motion, F = Ma, and in anticipation of this he weighed

the coach with him and his drivers, and now also had a record of
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F (t) = M
d2x

dt
= M

dv

dt
= Ma. (1.27)

M is the previously determined mass (the weight divided by the gravitation constant, g) and so (1.27)

furnishes the force exerted by the horses as a function of time.

Another embellishment is that Isaac decided he would also like to have all his records in terms of position

x, as well as a function of time. Since

x = D(t) (1.28)

as depicted in Figure 1.1 there is a unique t for each x so we obtain

t = D−1(x), (1.29)

called the inverse function, shown in Figure 1.5. (If you twirl Figure 1.1 180◦ about the diagonal and hold

the paper to the light you get (1.29)). It is called the inverse since formally

x = D = D(t) = D(D−1(x)) = x. (1.30)

In Matlab if t represents a set of values of time and x the corresponding position values then plot (t, x)

yields plots such as Figure 1.1. For example if t = linspace(0, 2 ∗ pi, 100) and x = sin(t) then plot (t, x)

is shown in Figure 1.6 and the inverse plot plot (x, t) is shown in Figure 1.7. Obviously the latter is not

single-valued, and therefore does not satisfy the requirement that it be a table.

Fig. 1.5: Inverse of Fig. 1.1, which in Matlab is plot (D, t)
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Fig. 1.6: Plot of sin x for 0 ≤ x ≤ 2π, plot (x, sin x).

Fig. 1.7: Inverse of the curve shown in Figure 1.6, plot (sin x, x).

Returning to Figure 1.1 we see that the curve D(t), in the neighborhood of an arbitrary point tk, has the

tangent fit (1.6). By analogy we can write
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v(t) ≈ v(to) +
dv(to)

dt
(t − to) = v(to) + v′(to)(t − to), (1.31)

in the neighborhood of to. We can try to improve on this approximation by trying for a parabolic (quadratic)

fit to v(t) at t = to. A candidate fit is given by

v(t) ≈ v(to) + v′(to)(t − to) +
v′′(to)(t − to)2

2
(1.32)

where

v′′(t) =
dv′(t)

dt
=

d2v(t)
dt2

. (1.33)

Observe that (1.32) is a parabola that is equal to v(to) at t = to, and has the same first and second derivatives

as v(t) at t = to. Generalizing this to the nth order we can write

v(t) ≈ v(to) +
v′(to)(t − to)

1!
+ ... +

v(N)(to)(t − to)N

n!

=
N∑

n=0

v(n)(to)(t − to)n

n!
(1.34)

where

v(n)(to) =
dnv(to)

dtn
. (1.35)

Equation (1.34) is said to be the Taylor expansion of v(t) of order N , in the neighborhood of the point

to. Observe that the right and left hand sides of (1.34) agree, as do their derivatives up to and including the

nth derivative. As a result this degree of smoothness is being assumed. As a rule of thumb the error estimate

of a Taylor expansion approximation to a function is measured by the first neglected term, so for (1.34) the

error is O
(
(t − to)N+1

)
.

Exercise 1.3. Obtain the binomial expansion, (1.18), by a Taylor expansion around b = 0. Note this does

not require n to be an integer. What is the expansion of
√

1 + x for x small?

Exercise 1.4. Use the Taylor expansion to compare the first derivative, F ′(to), as estimated by (1.3),

called the Euler approximation, with the central difference

F ′(to) ≈ F (to + Δt) − F (to − Δt)
2Δt

(1.36)

This explains why the secant approximation looks better in Fig. 1.1.

Although performing calculations by means of series like (1.34) sounds boring, the Taylor expansion is a

powerful tool, both conceptually and practically. This is illustrated by the two following examples. Suppose

F (t) = f(t)g(t) (1.37)

i.e., F is a product of two functions, and we want its derivative, then
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F (t + Δ) − F (t)
Δ

=
f(t + Δ)g(t + Δ) − f(t)g(t)

Δ

≈ f(t) + Δf ′(t) + · · · )(g(t) + Δg′(t) + · · · ) − fg

Δ
Δ→0−−−→ f(t)g′(t) + f ′(t)g(t), (1.38)

or suppose

F (t) = f(g(t)), (1.39)

i.e., a function of a function, then

F (t + Δ) − F (t)
Δ

=
f(g(t + Δ)) − f(g(t))

Δ
→ f ′(g(t))g′(t) (1.40)

The differentiation of a product (1.38) has application in integration by parts, one of the great tools of analysis. Consider

� t2

t1

f(t)g′(t)dt =

� t2

t1

d

dt
(f(t)g(t))dt −

� t2

t1

f ′(t)g(t)dt

= f(t2)g(t2) − f(t1)g(t1) −
� t2

t1

f ′(t)g(t)dt, (1.41)

which is referred to as parts integration and will be applied in a moment.

Fig. 1.8: Plot of y = (1 − x)−1.

Consider the function 1/(1 − x), a plot of which appears in Figure 1.8. The Taylor expansion of this

function around x = 0
1

1 − x
= 1 + x + x2 + x3 + .., (1.42)
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is known as a geometric series. You can derive this as a Taylor series by taking derivatives of (1 − x)−1 and

evaluating them at x = 0. But you can also multiply both sides of (1.42) by 1−x and show that it is satisfied.

Another form of the geometrical series is

1
1 − x

= 1 + x + x2 + · · · + xN−1 +
xN

1 − x
, (1.43)

which includes the error term. The validity of (1.43) again is easily proven by multiplying both sides by 1−x.

Comparison of (1.42) with Figure 1.8 illustrates the local quality of the Taylor expansion. Equation (1.42)

gives a faint indication of the singularity of x = 1, but does not reveal that the function is negative for large

x. This example underlines the fact that the Taylor expansion provides a local picture of a function.

Some standard functions defined by Taylor series are:

1 + x +
x2

2!
+

x3

3!
+ .. = ex (1.44)

x − x3

3!
+

x5

5!
− x7

7!
± .. = sinx (1.45)

1 − x2

2!
+

x4

4!
− x6

6!
+ · · · = cos x. (1.46)

Recall that sine and cosine are 2π-periodic. The factorial in the denominator forces convergence of each of

these series for any x. ex diverges as x ↑ ∞, but e−x vanishes so rapidly that it dominates any power of x as

x ↑ ∞.

A tool of deep power in mathematics is the use of symmetry. With this in mind note that the cosine is

symmetric (even) in the origin

cos(−x) = cos x (1.47)

and since cosine is 2π-periodic (a symmetry under translation by multiples of 2π), it is even in x = 2kπ, k =

0,±1,±2, .... (It is an odd function in odd multiples of π, x = (2k + 1)π.) By the same token sine is odd in

the origin

sin(−x) = − sin x, (1.48)

with similar remarks about translations and so forth. Observe, that the periodicity of periodic functions is

easily transformed to other periods. E.g. cos 2πx/L is L-periodic and a convenient choice often is L = 1.

Any function defined on the line can be represented in terms of its odd and even elements,

f(x) =
1
2
(f(x) + f(−x)) +

1
2
(f(x) − f(−x)). (1.49)

Clearly, the first term is even and the second odd. If this is applied to the exponential we obtain,
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ex =
ex + e−x

2
+

ex − e−x

2
= cosh x + sinh x, (1.50)

and the even part is referred to as the hyperbolic cosine, and the odd as the hyperbolic sine. To get ahead

of myself, slightly, I remind (or inform) you that the imaginary number

i =
√−1 (1.51)

represents a quantity, the square of which is −1! If this is introduced into (1.44) we easily see that (all even

powers of i are real and odd powers are imaginary)

eix = cos x + i sin x. (1.52)

Since cos π = −1 and sinπ = 0 we have

eiπ + 1 = 0 (1.53)

Both e and π are transcendental, which means that they are not roots of an algebraic equation. One might

regard (1.53) as embodying the definition of poetry. 7

Exercise 1.5. Both cosx and sinx are 2π− periodic. How many terms do you need in (1.46) and (1.45)

to get a reasonable plot over one period (The factorial is a built in function in Matlab, factorial.)

It is easy to see from the above definitions that formally

d

dx
ex = ex (1.54)

d

dx
sin x = cos x (1.55)

d

dx
cos x = − sin x. (1.56)

This is also a convenient time to introduce the gamma function, defined by

Γ (x + 1) =
∫ ∞

0

txe−tdt (1.57)

Exercise 1.7. Use parts integration to show that

Γ (x + 1) = xΓ (x), (1.58)

and hence if x = n is an integer then

7 Two other definitions: “Poetry is an echo asking a shadow to dance”, Carl Sandburg; “poetry is being, not doing.”, e.e.

cummings.
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Γ (n + 1) = n!. (1.59)

In Matlab (1.58) is given by gamma. Compare factorial (4) with gamma (5). How about factorial (.5)

with gamma (1.5).


