
Lecture 10:

Dynamical Systems

c©
“You can see a lot by just looking.”, Yogi Berra.

In practice most of the applications encountered can be well represented by a governing dynamical system1

that can be put into the form of a system of first order differential equations,

dx
dt

= F(x), (10.1)

where x = [x1, · · ·xN ]†, is the dependent variable we wish to track. The space x in which the system

trajectory moves is termed the phase space. F = [F1(x), · · ·FN (x)]† is termed the direction field since it

points in the direction of change, and in loose terms we will refer to ẋ = dx/dt, as the velocity of the flow.

For example the equations of chemical kinetics and related population models discussed in Lecture 9 have

the form

dci

dt
=

∑
j

A1
ijcj +

∑
j,k

A2
ijkcjck, (10.2)

i.e., the direction field is quadratic in the dependent variable c(t), the concentration. As mentioned, the top

of classical mechanics, and the equations of fluid mechanics, which describe the dynamics of turbulence,

are governed by quadratic direction fields. The latter is generally regarded as the most complicated flow

occurring in the natural world, as is well illustrated in Figure 10.1. It should be noted that if (10.2) describes

N components then A1 has N2 & A2 N3 constants. Even for a modest system of N = 102 the constants

are potentially overwhelming. One can wonder if there is a better way.

This lecture will focus on geometric aspects of flows in N -dimensions, as N is varied. In some South

Pacific cultures the counting system is simply one, two and plenty. To some degree this is appropriate for

the description of dynamical systems. As will be seen a 1-dimensional phase space is highly constrained; a

1 An excellent reference is S. Strogatz, “Nonlinear Dynamics and Chaos”.
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172 Lecture 10: Dynamical Systems

two-dimensions phase space offers more possibilities but such flows are still crowded by low dimension. In a

sense to be described there is room for virtually all possibilities to emerge in 3-dimensions. But as will be

seen lower dimensional considerations can still play an important role in the general case.

Fig. 10.1: The clouds are indicators of atmospheric turbulence and the waves indicators

of the turbulent sea. The full dynamics is governed by the Navier-Stokes equations which

have the form 10.2.

One-Dimensional Phase Space

We start by considering a single first order ode,

ẋ =
dx

dt
= f(x), (10.3)

the scalar case. As we demonstrated in Lecture 2 one datum is sufficient to determine a unique solution of

(10.3), out of an infinitude of possible solutions. For convenience we take this to be the position, x0, at t = 0.

Observe that independent of the initial condition, x0 (10.3) tells us that when x passes any particular point,

x = x∗, it will always have the same velocity v = ẋ = f(x∗), and therefore solutions of (10.3) slide into each

other under translation in t. (See Figure 10.4 for an illustration.)

As an example of what can be said qualitatively, consider f(x) as shown in Figure 10.2.
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Fig. 10.2: The elevation, positive or negative from the x-axis indicates motion to the

right or left, respectively. xs is a stable point, and xu an unstable point.

Clearly, the ordinate (elevation), f(x), informs us about the magnitude and signature of the speed on the

x-axis, shown by the the arrows. There are only three possible zero crossings, f(xj) = 0, j = u, s, h. All are

equilibrium points, i.e.,

dxj

dt
= 0 (10.4)

for xu, xs and xh. Intuitively, the equilibrium point at xu, appears to be unstable, i.e., a small perturbation

from xu sends the orbit flying away from this equilibrium point. We can demonstrate this analytically by

writing

x = xu + δx (10.5)

where δx is small. In the neighborhood of xu,

dδx

dt
= f(xu + δx) ≈ δx

df

dx

∣∣∣∣
x=xu

= δxsu (10.6)

where su refers to the (positive) slope of f(x) at xu. The local solution of (10.6) is

δx = δxoe
sut (10.7)
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which since su > 0, implies exponential departure from the equilibrium. Similarly, xs is stable and xh is said

to be half stable, as indicated by the arrows. (Since xh is unstable to arbitrary perturbations, this point is

really unstable.)

Periodicity

A special case of one-dimensional flows is flow on a circle

dθ

dt
= f(θ) (10.8)

with θ restricted to 0 < θ ≤ 2π, and f(θ + 2nπ) = f(θ), periodic. Sometimes the points 0 and 2π are said to

be identified with each other. The simplest case is

θ̇ = ω (10.9)

where the constant f(θ) = ω > 0 has dimensions of 1/time, i.e., it is a frequency, and already observed

counter-clockwise motion is reckoned positive. The solution is θ = ωt, which is reset to zero when θ = 2π,

or θ = ωt mod (2π). Within our framework this is uniform rotation.

Fig. 10.3: ω − sin θ for ω = 3/2, 1, 1/2.

A more complicated example is
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θ̇ = ω − a sin θ (10.10)

which reduces to (10.9) for a = 0. If a �= 0, it may without loss of generality be taken as a = 1. Three cases

can be distinguished and are shown in Figure 10.3. These can be analyzed as in the infinite one-dimensional

case. For ω > 1, θ varies, periodically through fast and slow angular velocities. The period of variation, T (ω)

is calculated as follows,

T (ω) =
∫ T

0

dt =
∫ 2π

0

dθ

ω − sin θ
=

2π√
ω2 − 1

(10.11)

The period becomes infinite when ω = 1, and in this neighborhood with ω > 1, from (10.11) this becomes

T ∼ 2π√
2
√

ω − 1
(10.12)

and exhibits square root period lengthening. Finally, the last case ω < 1 lead to one stable fixed point

determined by

θo = sin−1 ω. (10.13)

(Recall θo + nπ for any integer n is also a root.)

Logistic Equation

The normalized logistic equation

dρ

dτ
= ρ(1 − ρ) (10.14)

was obtained in Lecture 2 and has the universal solution, (2.32) which we repeat here

ρ =
ρ0e

τ

1 + ρ0(eτ − 1)
. (10.15)

As is easily seen ρ = 0 is unstable and ρ = 1 stable. (10.15) is shown in Figure 10.4 for a range of initial

values ρ0. Note as pointed out earlier the curves slide into each other if translated in the τ direction.
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Fig. 10.4: The solution (10.15) for ρo = .1, .2, · · · , .9. Note that all curves can be

translated into each other horizontally as observed in the text.

Bifurcations

The trivial transformation of (2.26) to (10.14) is an example of reduction to dimensionless form. Also

note that the epidemic problem (9.45) was reduced to two dimensionless parameters. Use of dimensional

analysis is a procedure of great power, which has been under utilized in biological problems. If this is carried

out, dimensionless parameters characterize the nature of the phenomena (E.g., in fluid mechanics, the Mach

number M , measures the importance of compressibility; the Reynolds number, R, compares inertial to viscous

effects 2; the Prandtl number, viscous to conductive diffusion, and so on). In any case if this is employed

what emerges is that instead of (10.3) we obtain

ẋ = f(x : d1, d2, · · · ) (10.16)

where d1, d2, ... are the dimensionless parameters of the phenomena, and are the essential parameters that

govern behavior.

Exercise 10.1. Show that the predator problem (9.23) and hence the autocatalysis problem can be

reduced to two dimensionless parameters.

2 The turbulent flows of Figure 10.1 are high Reynolds number flows.
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We next consider how behavior alters as these parameters vary. For simplicity suppose just one parameter

is present in the investigation

ẋ = f(x : d), (10.17)

The goal of an analysis now is to explore how the system might change with d. Figure 10.2 depicts several

ways in which equilibrium points can occur. By a change of independent variable, x, we can always place a

point of interest at the origin, and suppose dc is the parameter value so that equilibrium is at the origin

f(0, dc) = 0. (10.18)

The neighborhood of this point of interest can be explored locally by expanding f(x, d) in the neighborhood

of (0, dc),

f(x, d) = f(0, dc)︸ ︷︷ ︸
=0

+(d − dc)
∂f

∂d
(0, dc) + x

∂

∂x
f(0, dc) +

x2

2!
∂2

∂x2
f(0, dc) + · · · . (10.19)

There are many possibilities which we might follow and we deal with just a few of these, enough to get a

feel for the subject. Suppose we consider the case depicted by xh in Figure 10.2 then ∂
∂xf(0, dc) = 0 and to

lowest order we can consider

dx

dt
= β + x2, (10.20)

since, in general, constants can be transformed away, e.g. β is proportional to d − dc.

If β = 0, then half stability; if β > 0, there is no equilibrium; and if β < 0, one stable (x = −√
β), and one

unstable equilibrium (x =
√

β). This is called the saddle-node bifurcation (the reason for this terminology

will appear later) and the state of affairs is depicted in Figure 10.5. Continuous heavy lines indicate loci

of stability, and heavy dashed lines, loci of instability. As β ↑ 0, the two equilibria coalesce and equilibria

disappear.
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Fig. 10.5: Saddle-node bifurcation plot for (10.20). The arrows indicate the flow, and

address stability. The two branches of the parabola indicate equilibria

Equation (10.20) is an example of a normal form (i.e., a prototypical case).

Next I briefly mention a few additional possibilities and avoid the full taxonomy of all the cases. To start,

consider

ẋ = βx − x2 = x(β − x). (10.21)

Obviously x = 0 and x = β are equilibria. Then if β < 0, x = β is unstable, x = 0 stable and if β > 0, then

x = β is stable, x = 0 unstable. This is shown in Figure 10.6, along with the flow lines, and the situation is

referred to as transcritical bifurcation.
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Fig. 10.6: Transcritical bifurcation based on (10.21). Same convention as previous

figure

In many instances encountered in applications, symmetry plays a role and dictates that x & −x should

have like stability characteristics. In this case the appropriate normal form is

ẋ = βx − x3 = x(β − x2) (10.22)

and the bifurcation diagram is shown in Figure 10.7.
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Fig. 10.7: Supercritical pitchfork bifurcation (10.22). Same convention as previous

figures.

Similarly, we can consider

ẋ = βx + x3 = x(β + x2), (10.23)

called the subcritical pitchfork bifurcation, and depicted in Figure 10.8. There are more normal forms, and

many variations on these. As mentioned more than once, mathematics furnishes a framework or scaffolding,

and application require modifications, and sometimes creative reworking of the formulation.
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Fig. 10.8: Subcritical bifurcation equation (10.23). Same convention as previous figures

Exercise 10.2. Investigate the bifurcation picture of ẋ = rx + x3 − x5. Look for the possibility of jumps

and hysteresis.

Two-Dimensional Phase Space

In two dimensions the general case is given by

dx

dt
= f(x, y)

dy

dt
= g(x, y). (10.24)

Therefore, at each point (x, y) of the plane we can construct an arrow of direction, see Figure 10.9,

dx = (dx, dy) = (f(x, y)dt, g(x, y)dt), (10.25)

indicating where the flow moves to in the increment of time dt. To illustrate this consider the equation of

the pendulum (2.35), which in an appropriate set of units can be written as

d2θ

dt2
+ sin θ = 0, (10.26)
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dθ
dt = y

dy
dt = − sin θ

⎫⎬
⎭ (10.27)

Fig. 10.9: The direction field, (10.25), for (10.27), for −π ≤ (θ, y) < π. This was

generated by Matlab’s quiver.

so that (10.27) is the phase plane system for the pendulum problem. Figure 10.9 indicates the direction field.

A trick in this particular case is to observe that if (10.26) is multiplied by θ̇ we can write

d

dt

{
θ̇2

2
− cos θ

}
= 0, (10.28)

and therefore we obtain the conservation of energy

θ̇2

2
− cos θ = E (10.29)

where E, the energy, is a constant determined by initial conditions. The resulting level curves are plotted in

Figure 10.10. Note the superficial resemblance between Figure 10.10 and Figure 10.2.
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Fig. 10.10: Pendulum phase plane. The same as Figure 10.9, but with the arrows

connected to give smooth curves

The direction fields and phase plane plots both show a limited range, roughly π × π in size. We discern

two types of motion, one is clearly rotation, in which the pendulum forever revolves about its pivot point.

In the other motion the angular variable θ has a limited range of excursion. The latter is referred to as

libration, it describes the motion of the pendulum of a grandfather clock. On going to two dimensions the

motion can become truly periodic. Note that Figure 10.9 is 2π-periodic in the θ-direction. Therefore, points

of lines 2π-periodic in the θ-direction can be identified with each other, and therefore we can imagine the

phase plane as taking place on a circular cylinder.

Another even more elementary example is of two-dimensional flow is

dr

dt
= r(1 − r)

dθ

dt
= −ω. (10.30)

where r =
�

x2 + y2 and θ = tan−1 y/x, the first of which you should recognize as the logistic equation, (10.14). −ω is the

angular frequency which for ω > 0 is clockwise. In cartesian coordinates

x = r cos θ

y = r sin θ (10.31)
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the equations are

dy

dt
= −ωx + y 1 − x2 + y2

dx

dt
= ωy + x 1 − x2 + y2 , (10.32)

which is in the form (10.24). Same sample orbits are shown in Figure 10.11. Clearly all paths spiral towards the circle r = 1,

which is said to be a limit cycle of the flow, (10.30) or (10.32).

Fig. 10.11: Approach to limit cycle, (10.30) or (10.32), with ω = 1.

Equilibria

We have already considered the concept of equilibria in Lecture 9. In terms of the present general case

(10.24), this means finding (x0, y0) such that

dx

dt
= f(x0, y0) = 0

dy

dt
= g(x0, y0) = 0 (10.33)
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At such a stationary point, as already indicated in Figure 10.10, there is an illusion that the flow direction

is not unique 3, In actuality this signifies a zero velocity at (x0, y0).

In general the slopes of the direction field is given by

s =
dy

dx
=

g(x, y)
f(x, y)

(10.34)

and therefore each point of the phase has a unique direction. The s = 0 curves g(x, y) = 0 (ẏ = 0) & s = ∞
curves f(x, y) = 0 (ẋ = 0) are referred to as nullclines. At an equilibrium point where these curves intersect

we have zero divided by zero, the equilibrium, might there be ambiguity.

Stability of Equilibria

In the neighborhood of an equilibrium point, (x0, y0), we can expand our system (10.24) in a Taylor

expansion

d

dt

⎛
⎝x − x0

y − y0

⎞
⎠ =

⎡
⎣ ∂f

∂x (x0, y0) ∂f
∂y (x0, y0)

∂g
∂x (x0, y0) ∂g

∂y (x0, y0)

⎤
⎦

⎡
⎣x − x0

y − y0

⎤
⎦ + O

(
(x − x0)2, (x − x0)(y − y0), (y − y0)2

)
, (10.35)

which we write symbolically as

d

dt
x̂ = J(x0)x̂ + O(‖x̂‖2). (10.36)

Thus the behavior of the dynamical system depends on the eigenvalues of the jacobian matrix, J. In general

the eigenvalues are complex.

As already alluded to the issue is whether small perturbation from equilibrium leads to return to the

equilibrium point (stable), e.g., if (10.36) has the form

d

dt

⎡
⎣ x̂

ŷ

⎤
⎦ ≈

⎡
⎣−1 0

0 −2

⎤
⎦

⎡
⎣ x̂

ŷ

⎤
⎦ ; (10.37)

or runs away (unstable), e.g.,

d

dt

⎡
⎣ x̂

ŷ

⎤
⎦ ≈

⎡
⎣1 0

0 2

⎤
⎦

⎡
⎣ x̂

ŷ

⎤
⎦ (10.38)

or stays in the neighborhood (ambiguously stable),

3 We only consider continuous and single valued flows (f, g), which clearly implies a unique arrow of the direction field at each

point of the phase space.
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d

dt

⎡
⎣ x̂

ŷ

⎤
⎦ ≈

⎡
⎣0 1

1 0

⎤
⎦

⎡
⎣ x̂

ŷ

⎤
⎦ . (10.39)

In general if the two eigenvalues λ1, λ2 are such that:

eigenvalues designation

λ1 < λ2 < 0 stable node

λ1 > λ2 > 0 unstable node

λ± = −α2 ± iβ stable spiral

λ± = α2 ± iβ unstable spiral

λ1 < 0 < λ2 hyperbolic

λ± = ±iω elliptic

Table 10.1

Exercise 10.3. Obtain a figure depicting each case of Table 10.1

The Node & the Saddle

Consider the example

ẋ = f(x, y) = −x + x3

ẏ = g(x, y) = −2y, (10.40)

which since these uncouple into two solvable first order equations, is a somewhat contrived example.

The equilibria are determined by (10.33) or

0 = −x + x3

0 = −2y (10.41)

so that there are three stationary points; (0, 0) & (±1, 0). The Jacobian matrix is

J =

⎛
⎝ fx fy

gx gy

⎞
⎠ =

⎛
⎝−1 + 3x2 0

0 −2

⎞
⎠ , (10.42)

and the stability matrices are

J(x0) =

⎛
⎝−1 0

0 −2

⎞
⎠ ;

⎛
⎝2 0

0 −2

⎞
⎠ ;

⎛
⎝2 0

0 −2

⎞
⎠ . (10.43)
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In the notation of (10.36) the first case is described by

d

dt
x̂ =

⎛
⎝−1 0

0 −2

⎞
⎠ x̂ (10.44)

which obviously says that the trajectories get sucked into the origin, and correspondingly for (±1, 0) trajec-

tories are expelled away in the x-direction, and drawn in from the y-direction. A picture of the full phase

portrait of (10.40) is shown in Figure 10.12.

Fig. 10.12: Phase portrait of (10.40). The origin is a stable node, and (±1, 0) are

saddle points

The stationary points (±1, 0) are referred to as saddles. If you imagine what happens to a marble placed

on a real saddle, then if properly oriented y-direction you get pictures of (±1, 0). The origin is called a stable

node. (If the arrows are reversed it is called an unstable node.) Note that the origin attracts every trajectory

from

−1 < x < 1, −∞ < y < ∞ (10.45)

which is referred to as the basin of attraction of the attractor (0, 0).

Exercise 10.4. Show that if
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ẋ = μ − x2

ẏ = −y (10.46)

then Figure 10.13 is obtained, which explains the earlier use of terminology, saddle-node bifurcation.

Fig. 10.13: Note that for μ > 0 we have a saddle followed by a node

Glycolysis

Glycolysis is a metabolical process for extracting energy from sugars. In all there are eleven elementary

enzymatic reactions involving ATP, ADP, and AMP; phosphorylation, isomerization, etc. Harking back to

the remarks made in regard to (10.2), the mass action model potentially requires more than 103 constants.

A simple model of this system is

ẋ = −x + ay + x2y

ẏ = b − ay − x2y (10.47)

where x is related to ADP and y to F6P (fructose-6-phosphate) a, b > 0 are in some lumped way related to

the kinetic parameters. Observe that trajectories never leave the 1st quadrant since ẋ|x=o ≥ 0 and ẏ|y=o ≥ 0.

Observe

ẏ = 0 on y =
x

a + x2
(10.48)

ẋ = 0 on y =
b

a + x2
(10.49)

The intersection is the equilibrium point,
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(xe, ye) = (b, b/(a + b2)) (10.50)

These are shown in Figure 10.14. Also shown is the direction field of (10.47), using Matlab’s quiver. Since

the arrows point away from the (xe, ye) we can assume that this is an unstable equilibrium. We also see that

at some distance away all the arrows point inwards. Therefore there is a region which loosely speaking is like

the region between concentric circles into which all arrow heads point into.

Fig. 10.14: Direction field of (10.47), the two nullclines are indicated by continuous

lines.

It is at least intuitively obvious, though not easy to prove, that there must be a limit cycle in this interior

region towards which all trajectories tend. This in fact is shown in Figure 10.15 and in Figure 10.16 the

oscillatory solutions are shown.
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Fig. 10.15: Similar to Figure 10.14, the nullclines of 0 and infinite slope are indicated.

Various trajectories are drawn in different colors, cold colors start inside the limit cycle

and warm colors outside.

Exercise 10.5 (Special). (a) Find the equilibrium solution (10.49) of (10.47), for arbitrary a & b.

(b) Perform the linear analysis around this equilibrium.

(c) Find a criterion in terms of a & b for stability/instability, and so forth.

(d) Graphically illustrate the regimes.
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Fig. 10.16: The time histories for x and y of (10.47), corresponding to initial point

inside the limit cycle are shown.


