
Lecture 4:

Linear Algebra (I)

c©
In Cold War days, there were macho Russian scientists at international conferences who were fond of saying (in a thick

Russian accent) that “in the Soviet Union only women worked on linear problems.” In an era of political correctness, one might

be criticized for even mentioning this. However, there still exists a certain disdain for the linear. To set the record straight, it is

a non-controversial fact that the immense computational success in dealing with the most non-linear of problems rests solidly

on the shoulders of linear algebra, and thus we owe a debt of gratitude to the Soviet women mathematicians.

In Lecture 3 the notion of a vector

x = [x1, x2, · · ·xM ]† (4.1)

was introduced as a point in N -dimensional space, as was the addition of vectors, multiplication by scalars

and their inner product. (4.1) is an example of a one dimensional array. A matrix, e.g., (3.32) and the

Einstein image of Lecture 2, Figure 2.6 are examples of two dimensional arrays, as is

A =

⎡
⎢⎢⎢⎢⎣

A11 A12 · · · A1M

...

AN1 · · · · · · ANM

⎤
⎥⎥⎥⎥⎦ , (4.2)

an N ×M matrix. The entries can be written as Aij , and this too will be regarded as a representation of the

matrix, just as xj is another representation of a vector. The range of the first index of A, N, is the number of

rows, and the range of the second index, M , is the number of columns. Index notation is sometimes referred

to as tensor notation and for example Aijk, would be called a third order tensor. In a figurative sense if we

regard xi as a ”line of text”, then Aij , would be a page of text, and Aijk would be a book! To carry the

analogy one step further Aijkl would be a set of encyclopedias.
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52 Lecture 4: Linear Algebra (I)

Boldface symbols will be used only for vectors and matrices, and we will pass back and forth between

vector and tensor notation as it suits our needs. If x has the same number of elements as A has rows say N ,

then there is a conformity between the two, and

(Ax)i =
N∑

j=1

Aijxj = Aijxj (4.3)

is well defined, and is a vector with N entries, since N is the number of rows of A. The righthand side refers

to a convention that will be used occasionally, called the Einstein convention, that repeated indices imply

summation.

In this notation

y = Ax (4.4)

can be said to be the transform of x by A to the vector y, and maps the M -dimensional vector x to the

N -dimensional vector y 1. The identity transformation I, a square matrix,

I =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 · · · 0

0 1 0 · · · 0
...

. . .

0 · · · · · · 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(4.5)

is such that Ia = a. (In Matlab for n-dimensions, I = eye(n).)

A problem of fundamental significance is presented by the equation

Ax = b, (4.6)

which seeks the unknown x, which the known matrix A transforms to the known vector b. Solving equations

such as (4.6) has been a motivating force behind the development of linear algebra. If we denote the columns

of A by ak, k = 1, · · · ,M, then (4.6) can be written as

x1a1 + x2a2 + · · ·xNaM = b, (4.7)

and therefore b is a linear combination of the columns of A. This simple observation, which follows from

matrix multiplication, (4.3) tells us that b must lie in the range of the set {aj}, j = 1,M .

In keeping with our earlier use of the notion of an inverse, if a solution exists we write it as

1 In Matlab, if A is represented by a and x by x then y = a ∗ x returns y of (4.4)
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x = A−1b, (4.8)

and in Matlab x is given by A\b, also A−1 = inv(A). Intuitively, one can suppose that in order to solve

(4.6) for the M unknowns, xj , of x we should have an equal number of equations, so that A should be a

square, N ×N , matrix. Although this is largely true, as will be seen shortly, we can sensibly solve (4.6), and

come up with some form of the solution, when there are fewer equations than unknowns, N < M , and when

there are more than enough equations, N > M . And even when M = N we might have a problem.

Starting with the last assertion suppose the 2 × 2 system

⎡
⎣1 1

1 1

⎤
⎦

⎡
⎣x1

x2

⎤
⎦ =

⎡
⎣ b1

b2

⎤
⎦ . (4.9)

We immediately see that the equations are at risk of being contradictory, one equation says x1 + x2 = b1,

and the other says the same sum is b2. Alternately from (4.7) b is parallel to [1, 1]†. The only way around

this seeming impasse is for b1 = b2 = b, in which case the problem is solved by saying, e.g., x1 = b − x2 and

one is free to choose the value of x2. Clearly, the problem in this simple example stems from the fact that

the matrix has two equal rows; or that the subtraction of two rows is zero; or if we left multiply by [1,−1]

we get zero on the left side of (4.9), and hence the system cannot make sense unless

[1,−1]

⎡
⎣ b1

b2

⎤
⎦ = 0 (4.10)

or b1 = b2, as already observed.

This (mindless) little example has already furnished us with the ingredients needed to understand the

general case, (4.6), when A is square. Suppose there exists a row vector v such that vA = 0, which is another

way of saying that there exists a linear combination of the rows that vanish, and v is said to be a left null

vector of A. Then we can say; (1) the system (4.6) can only be sensibly solved if (v,b) = 0 a condition

gotten from (4.6) by left multiplying it by v; (2) and if this is true there are no more than N − 1 equations,

and therefore there is at least one free parameter in the solution.

A standard way of testing a square matrix for its deficiency, i,e., the number of independent left null

vectors, is gotten by evaluating the determinant of the matrix. In Matlab, this is given by det(A). The

determinant is a homogeneous polynomial of degree N , in which each term contains an element from each

row and column just once, and carries an appropriate signature (±1) for each term. For N = 2,

det

⎡
⎣a11 a12

a21 a22

⎤
⎦ = a11a22 − a12a21 (4.11)

and clearly this vanishes if the rows (columns) vanish for N = 3.
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det

⎡
⎢⎢⎢⎣

a11 a12 a13

a21 a22 a23

a31 a32 a33

⎤
⎥⎥⎥⎦ = a11 det

⎡
⎣a22 a23

a32 a33

⎤
⎦ − a12 det

⎡
⎣a21 a23

a31 a33

⎤
⎦

+a13 det

⎡
⎣a21 a22

a31 a32

⎤
⎦

= a11a22a23 + a12a23a31 + a13a32a21

a11a23a32 − a12a21a33 − a13a31a22, (4.12)

from which one can deduce the general pattern. Another property of the determinant is that it calculates the

volume determined by the N vectors of the matrix, and hence if the rows (or columns) are linearly dependent

we get zero volume, det(A) = 0.

For

A =

⎡
⎢⎢⎢⎣

r1 →
r2 →
r3 →

⎤
⎥⎥⎥⎦ (4.13)

in 3-dimensions Figure 4.1 illustrates the volume properly.

Fig. 4.1: The vector rows of (4.13) are shown as the vectors r1, r2 and r3 in 3-space.

These generate the parallelepiped shown, which has the volume det(A).
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Coordinate Transformation

If A is a square matrix, say N × N , we can imagine (4.4) as being a transformation to a new coordinate system,

y = Ax (4.14)

e.g., rotation is a common transformation. Suppose some function F (y), and we want to compute derivatives in the new

coordinate system. To accomplish this observe

∂

∂xk
=

N�

l=1

∂yl

∂xk

∂

∂yl
=

N�

l=1

Alk
∂

∂yl
(4.15)

or in vector notation

∂

∂x
= A

∂

∂y
(or ∇x = A∇y). (4.16)

Thus if A is non-degenerate

∂

∂y
= A−1 ∂

∂x
. (4.17)

In this case we can say that (4.6) will have a unique solution given by (4.8). On the basis of the volume property if det(A) = 0

then the transformation (4.14) collapses space.

Some Matrix Relations

If we multiply (4.6) on the left by v we obtain

(v,Ax) = (v,b) (4.18)

The adjoint, A† of any matrix is defined by

(A†v,x) = (v,Ax). (4.19)

Since in tensor notation

(v,Ax) =
�

ij

viAijxj =
�

j

��

i

vi, Aij

�
xj (4.20)

we have

A†
kl = Alk, (4.21)

i.e. it is the transpose.

Obviously, for square matrices A, B, C · · · , each having inverses, it follows that

(ABC · · · )−1 = · · ·C−1B−1A−1. (4.22)

It also follows from the definition of adjoint (4.19), that

(ABC · · ·)† = · · ·C†B†A†. (4.23)
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If A−1 doesn’t exist, det(A) = 0, then (4.6) will only have a solution if b is orthogonal to the null space of A†, in which

case the solution, will have as many free parameters, as the deficiency of the matrix A. For the case of square matrix, such that

A−1 exists and b=0, i.e.

Ax = 0, (4.24)

(4.8) tells us that x = 0 is the unique solution.

Since A† contains the same ingredients as A, it should come as not surprise that det(A) = det(A†).

More surprising is the beautiful property of square matrices of the same size A and B, that det(AB) =

det(A)det(B), from which det(A) = 1/det(A−1).

If A−1 doesn’t exist, det(A) = 0, then (4.6) will have a solution only if b is orthogonal to the null space

of A†, in which case the solution, will have as many free parameters, as the deficiency of the matrix A.

When the square matrix A is deficient it is in effect the same as the case of more unknowns than

equations, and there is no need to further discuss. this. Still open is the case (4.1) when N > M , more rows

than columns, i.e. more equations than unknowns. This is a case of high interest. In Matlab the number of

linear independent rows (columns) of A is given by the Matlab command rank.

Least Squares

We digress for a moment to consider linear regression. In a typical laboratory situtation one is faced with

a cloud of data points from experiment, {(xj , yj)} j = 1, .., N , see Figure 4.2. Then perhaps the data or

other circumstances suggest a linear model of the data. On this basis we might want to best fit these by a

straight line say

y = sx + yo, (4.25)

with parameters s, the slope, and yo, the intercept at x = 0. Each datum (xj , yj) has the error

εj = yj − sxj − yo. (4.26)

To determine s and y0 it is reasonable that we take the criterion function

C(s, yo) =
N∑

j=1

ε2j =
N∑

j=1

(yj − sxj − yo)2, (4.27)

the total square error, to be minimized. This is the meaning of “best” above. Such a minimization problem

was discussed in (3.18), and the condition for a minima is

∂C
∂s

= 0, and
∂C
∂yo

= 0. (4.28)
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Clearly,

∂C
∂s

= −2
N∑

j=1

xj(yj − sxj − yo) (4.29)

and

∂C
∂yo

= −2
N∑

j=1

(yj − sxj − yo) (4.30)

Therefore on substituting these into (4.28) we obtain

N∑
j=1

xjyj − s
N∑

j=1

x2
j − yo

N∑
j=1

xj = 0

N∑
j

yj − s
N∑

j=1

xj − Nyo = 0, (4.31)

2 equations in the two unknowns s and y0. After a little manipulation

Exercise 4.1. Verify

s =
(x − x,y − y)

‖x − x‖2

y0 = y − sx, (4.32)

where x and y are mean values, e.g. x = N−1
∑N

j=1 xj .
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Fig. 4.2: A typical example of linear regression. Dots indicate data, and the straight

line is the linear fit to the data.

It is worth mentioning in passing that under some circumstances there might be reason to believe that the data is more

appropriately fit by a polynomial

y = pnxn + · · · p1x1 + po = P (x) (4.33)

in which the criterion function to extremize is

φ(p) =
�

j

(yj − P (xj))
2 (4.34)

and now the coefficient p = (pn, pn−1, · · · , p0) are determined by

∇pφ = 0. (4.35)

The Matlab function polyfit (p= polyfit (x,y, n)) does the job for you. All of this is, for obvious reasons, is called the method

of least squares, and will appear in many guises.

Next let us return to (4.1) and the case of N > M , i.e. more equations than unknowns clearly, and thus

the method of least squares suggests itself. We can view this case as one in which the model is known, i.e.

A operates on an unknown input, x, and we measure the output, i.e., b is known. Noise in the system might

confer variability on this measurement. To put this in a more specific context we can regard Aij as relating

the input measurements, in the ith experiment, in which bi, is the measured output. To apply the least

squares to this case we form the total square error,
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C(x) =
N∑

i=1

( M∑
j=1

Aijxj − bi

)2 (4.36)

and the condition for a minimum is

∇xC = 0 (4.37)

which leads to

A†Ax = Lx = b̃ = A†b (4.38)

a form that can be obtained directly from (4.1), by multiplying both sides by A†. Within this context A is

a container of data.

Exercise 4.2. Verify that (4.37) leads to (4.38).

It is clear that L is N × N and b̃ is a known N -vector. In tensor notation

Lij =
∑

k

AkiAkj , (4.39)

and clearly

Lij = Lji, (4.40)

an example of a symmetric matrix.

Another least squares scenario and one that we will consider later, concerns (4.6) again, written as

r = As. (4.41)

Loosely speaking, r measures output or response and s measures input or stimulus; and there is an assumption of linearity. 2

In this instance we might want to use least squares to determine A, the linear operator. Obviously the least squares framework

can be applied, but other considerations enter, and we consider this later.

Even if M > N we have no guarantee that L−1 exists. E.g. consider

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3

4 5 6

7 8 9

10 11 12

13 14 15

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (4.42)

2 The concept of Taylor series should give you a feeling of confidence that there is always a valid linear region around an

operating point.
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a 5× 3 matrix. The second column is the arithmetic mean of the first and third columns. For this reason A

is said not to be of full rank, since the three column vectors belong to a two dimensional space. The Matlab

command rank furnishes the number of linearity independent of row or column vectors.

Exercise 4.3. Verify that det[A†A] = 0 for the matrix (4.42).

When A is not full rank, (4.36) does not have a unique minimum. If you try, on the basis of (4.38) to

calculate

x = (A†A)−1A†b (4.43)

in Matlab you will get an error report.

Moore-Penrose Inverse

There is an inverse called the Moore-Penrose which minimizes C in (4.36) subject to the condition that

‖x‖2 is minimal, and is pinv in Matlab

Exercise 4.4. Take A to be given by (4.42), b the 2nd column of A, and, in Matlab calculate

(a) x = (A†A)−1A†b

(b) x = pinv(A)b

(c) x = A\b

(4.44)

Repeat this for A in which the entry A52 = 0 so the matrix becomes full rank, and compare the three

solutions.

Eigenvectors

Let us return to (4.4), and to reflect a different point of view we write instead,

Ax = v (4.45)

which is to be solved for x. The square matrix A, in general, transforms any vector in the space to another

vector into the same space. Suppose v has the very special property that

Av = λv, (4.46)

with λ, a constant. Thus v could be said to be self-reproducing under the transformation A. In this case the

solution to (4.45) becomes immediate and is given by
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x =
1
λ
v. (4.47)

In such case no matter how big or complicated A might be, we can solve (4.45) with the simple stroke of a

pen!

Equation (4.46) can be written as

(A − λI)v = 0 (4.48)

Therefore for a non-trivial solution, v �= 0, (A − λI)−1 does not exist and

P (λ) = det(A − λI) = 0. (4.49)

From the informal definition of the determinant, given earlier, it is clear that P (λ) is an N th order polynomial,

if A is N × N , and therefore we expect N roots of P (λ)), called eigenvalues (characteristic values) and the

full collection of these is called the spectrum (“ the spirit” ) of A.

Thus if λ is an eigenvalue there exists a non-trivial solution of (4.46), and from (4.49) we know that there

are no more than N − 1 independent equations in ((4.46) and therefore there is at least one free constant in

the determination of v. Another way of seeing this is to observe if v solves (4.46), then for any constant c ·v
also solves. A standard normalization of the eigenvectors v is

(v,v) = ‖v‖2 = 1, (4.50)

i.e. each eigenvector is a point on the unit sphere in N -space.

As an aside we observe that in connection with (4.43) and for (4.48) we are concerned about square

matrices that have zero determinants. This is somewhat ironic, since for an arbitrary square matrix with

entries chosen at random, you might believe it very improbable that any combination of columns (or rows)

are linearly dependent. In fact it is extremely rare — mathematically one says such cases are of measure

zero. The following exercise underlines this point, and should also impress you with the power and speed of

Matlab.

Exercise 4.5. Use rand to construct 105 (3 × 3)-matrices, each with entries in the interval (0, 1) and obtain abs(det) of

each. How many are < 10−4, 10−5, 10−6. Plot the hist of this set and compare with an appropriate normal distribution. Do

you find any with det = 0?

We proceed further under two (unnecessary) assumptions: (1) A is symmetric, (will later show that this

implies real eigenvalues) (2) The eigenvalues are distinct.

Suppose {λj} are the eigenvalues and {vj} the corresponding eigenvectors of the matrix A, with j = 1, .., n.

Then for k �= l,
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Avk = λkvk (4.51)

and

Avl = λlvl. (4.52)

Since A is symmetric

(vk,Avl) =
∑
i,j

vk
j Aijv

l
j = (vl,Avk). (4.53)

Therefore if we multiply (4.51) on the left by vl and (4.52) by vk, and subtract we obtain,

(vl,Avk) − (vk,Avl) = (λk − λl)(vk,vl) = 0 (4.54)

thus since λk �= λl by assumption, vk and vl are orthogonal. Therefore if we normalize each v to be of unit

length the eigenvectors {vj} form an orthonormal set

(vk,vl) = δkl, (4.55)

δkl = 0, if k �= l and unity if k = l (δkl is the unit matrix). Therefore the matrix has generated, by means

of its implicit eigenvectors, a new orthonormal coordinate system, which is said to be complete. For our

purposes this means that it furnishes a satisfactory new coordinate system. In a sense the matrix A dictates

the coordinate system that it “likes” best, a notion that we will return to later. Completeness is a general

consequence of symmetric matrices (and other operators). I will pass over the issue of distinct eigenvalues

since it is unimportant to the derivation.

In the same way that we represented a vector by (3.9) we represent an arbitrary vector x in terms of {vj},
as

x =
N∑

j=1

(x,vj)vj (4.56)

If we return to (4.6) we decompose b in the same way, then

b =
n∑

j=1

(b,vj)vj =
n∑

j=1

bjvj . (4.57)

In regard to (4.6) we know b and therefore we know bj , but we don’t know (x,vj). If (4.56) and (4.57) are

substituted into (4.6) we get
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Ax =
∑

j

(x,vj)λjvj =
∑

bjvj (4.58)

and therefore

(x,vj)λj = bj (4.59)

so

(x,vj) =
(b,vj)

λj
, (4.60)

which if substituted into (4.56) solves the linear system (4.6).

In effect eigenvector analysis takes an N × N matrix inversion problem and reduces it to an N one-

dimensional problem scalar, and therefore trivializes the problem. The eigenvector approach breaks the back

of a problem, another recurring theme in this course.

If we assemble all the eigenvectors into a single matrix.

V =

⎡
⎣v1 v2 · · · vn

↓ ↓ ↓

⎤
⎦ (4.61)

then the entire eigenvector analysis can be assembled as

AV = VΛ, (4.62)

where Λ is the diagonal matrix of eigenvalues

Λ =

⎛
⎜⎜⎜⎜⎝

λ1 0
. . .

0 λn

⎞
⎟⎟⎟⎟⎠ . (4.63)

The matrix V, since it has orthonormal columns has the nice property that

V† = V−1 (4.64)

which is obvious. A matrix with properly (4.64) is said to be unitary. Geometrically, a unitary matrix may

be regarded as being a pure rotation of space. For if x is a vector, then under the action V

x′ = Vx (4.65)

and
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‖x′‖2 = (x′,x′) = (Vx,Vx) = (V†Vx,x) = ‖x‖2, (4.66)

so that the length remains invariant under a unitary transformation, as might be expected under a pure

rotation. Another consequence is that A can be represented as

A = VΛV−1 (4.67)

with Λ diagonal, and in general one says in such an instance that A is diagonalizable under similarity. Note

that

det(A) =
N∏

i=1

λi (4.68)

Another way of representing (4.67) is

A =
∑

k

λkvkvk† =
∑

k

λkPk (4.69)

called the spectral representation (or decomposition of A. The matrices Pk have the nice property that

(Pk)2 = Pk (4.70)

and as a result are called projectors. The spectral decomposition, (4.69), underlines the fact that the trans-

formation A, can be regarded as a sum of one-dimensional self-reproducing transformations (eigenvectors).

In Matlab the command [V,Λ] = eig(A) returns V and Λ for A. (A generalization is Ax = λBx and

this is handled by [V,L] = eig(A,B)).
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Application to Linear Differential Equations

Suppose the problem we face is to solve

dx
dt

= Ax (4.71)

with A symmetric and such that

x(t = 0) = x0. (4.72)

We can solve this in short order if we write

x =
N∑

k=1

ak(t)vk, (4.73)

with unknown coefficients an(t) = (vk,x). If (4.73) is substituted into (4.71) we immediately get

dak(t)
dt

= λkak(t) (4.74)

and the solution is

ak(t) = eλktak(0) = eλkt(vk,x0) (4.75)

where the last form follows from (4.72).

It follows from our earlier discussion, that (4.71), with (4.72) has the Taylor expansion solution

x =
∑
k=0

Ak tk

k!
x0 (4.76)

which we might justifiably write as

x = eAtx0 (4.77)

where exp(At) is defined by the infinite series,

eAt =
∞∑

k=0

Aktk/k! (4.78)

Now however if we substitute (4.67) into (4.76) we get

x = V
( ∞∑

k=0

Λk tk

k!

)
V†x0 (4.79)

the quantity in parenthesis is
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eΛt =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

eλ1t 0 0 · · · 0

0 eλ2t 0 · · · 0
...

...

0 · · · · · · · · · eλnt

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(4.80)

or

x = VeΛtV†x0 (4.81)

which is just another way of writing (4.75). In Matlab eA is obtained with expm(A), and a variety of

functions of matrices can be calculated (e.g. lnA and
√

A.)

We finish this Lecture with some examples and illustrations.

Example: Modeling Diffusion

In Lecture 2 we obtained the diffusion model in an arbitrary number of dimensions. In particular for one

dimension

∂ρ

∂t
= κ

∂2ρ

∂x2
. (4.82)

Suppose we consider the diffusion of particles, as governed by (4.82), in the unit interval, 0 ≤ x ≤ 1, with

the condition that the influx of particles at x = 0 is exactly the out flux at x = 1. This is equivalent to ρ

being 1-periodic, and is equivalent to diffusion on a ring, Figure 4.3. (The wedge shape cells are strictly for

illustration.)

Fig. 4.3: Scheme for compartmentalizing diffusion in a ring. The wedge cells are enu-

merated as shown, 1, 2..., N , and ρ in each such compartment is constant.
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In a seemingly different approach to this problem, we can discretize the torus into say N sections, as in

Figure 4.3, with ρj(t) denoting the number of particles in the jth section. A crude, but intuitive model of

Fick’s law is that the flux into (and out of) the jth compartment Jk is proportional to the difference of

densities in adjacent compartments, so

Jk = κ̂(ρk+1 − ρk) + κ̂(ρk−1 − ρk) (4.83)

where the “diffusion” coefficient is taken to be homogeneous i.e., a constant. It then follows that

∂ρk

∂t
= κ̂(ρk+1 − 2ρk + ρk−1), (4.84)

with the restriction that ρN+1 = ρ1 and ρ0 = ρN , which is clear from the figure.

Exercise 4.6. Use a Taylor expansion to show that if (4.82) is considered for 0 ≤ x ≤ 1 and we discretize

so that Δ = 1/N then if ρk = ρ(kΔ) show that

∂2ρ(x)
∂x2

∣∣∣∣
x=xk

=
ρk+1 − 2ρk + ρk−1

Δ2
+ O(Δ2) (4.85)

then we obtain (4.84) with κ̂ = κ/Δ2.

In vector form we can write (4.84) as

d

dt
ρ = Mρ (4.86)

with

ρ = [ρ1, · · · , ρN ]† (4.87)

and

M = κ̂

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−2 1 0 · · · · · · · · · 1

1 −2 1 0

0 1 −2 1

−2 1

1 0 · · · · · · · · · 1 −2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(4.88)

Study of the symmetric matrix M has a row-wise circulating pattern, and matrices with this pattern are

called circulent, and they will appear again, especially in discussing Fourier analysis.
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Exercise 4.7 (Special). (a) Suppose the ring of Figure 4.3 is made of of 25 equal compartments. Suppose

initially ρ1 = 1 and ρk = 0, k �= 1. Solve as a function of time using expm(Mt) or any other method. Plot

the solution as a function of time. (b) Observe that the rows of (4.88) each add to zero. This demonstrates

that one eigenvalue vanishes. What is the significance of this, and of the corresponding eigenvector?

Note that each row and each column of (4.88) adds up to zero. Equation (4.84) describes the diffusion of

particles in a torus, and the number of particles should be conserved, i.e.,

N∑
j−1

ρj = constant. (4.89)

This is easily confirmed by multiplying (4.84) on the left by [1, 1, · · · , 1].

Example: Markov Matrices

Imagine a game in which there is a flea and an anti-flea. Both the flea and anti-flea are restricted to five

adjacent boxes, and at regularly spaced instants each jumps at random to the right or left box, with equal

probability unless it is in an end box in which case it jumps to the adjacent box. If both land in the same

box the flea and anti-flea annihilate one another and the game is over. The states of the system are (i, j);

i, j = 1, ..5, referring to the flea and anti-flea location.

Fig. 4.4: States of the flea/anti-flea

The black boxes of Figure 4.4 are endgame loci, called absorbing states. How the game proceeds depends

on the initial seed. It is left to you to show that if (1, 5) is the initial seed, only the red and the absorbing
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boxes are visited. By the symmetry of the situation, if (5, 1) is the initial seed, then only the green boxes are

visited.

Suppose the probability of being in any of five states generated by the (1, 5) seed is expressed as a row

vector vj , j = 1, 5;

v = [p(1, 3), p(1, 5), p(2, 4), p(3, 5), p(k, k)]. (4.90)

where p(i, j) is the probability of being in state (i, j). Since the components of (4.90) are probabilities it

follows that

∑
j

vj = 1 (4.91)

It follows that if vn depicts the probable state at the nth jump then

vn+1 = vn

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 1/2 0 1/2

0 0 1 0 0

1/4 1/4 0 1/4 1/4

0 0 1/2 0 1/2

0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= vnP (4.92)

The entries of P are easily determined by choosing v with a single unit entry. E.g. if v = [0, 0, 1, 0, 0] so

that the system is in the state (2, 4) then with equal probability it can jump into any of the four remaining

states. By inspection it is clear that

[0, 0, 0, 0, 1]P = [0, 0, 0, 0, 1], (4.93)

so that λ = 1 is an eigenvalue and the absorbing state is the corresponding eigenvector.

Exercise 4.8 (Special). Explore the Flea/anti-Flea game:

(a) Demonstrate that any state in the red set stays in the red set or is absorbed.

(b) What happens if (1, 2) is the seed?

(c) Verify that P has the form given in (4.92).

(d) Verify that if v is a probability vector then vP is a probability vector, i.e., its entries are ≥ 0 and the

sum of components is unity. Therefore the state of the system is accurately described.

(e) Demonstrate that if the seed is any red box of Figure 4.4 then it is eventually absorbed.

(f) Show that the probability of the game getting to kth stage with seed (1, 5), is
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p(k) = 1 − [0, 1, 0, 0, 0]Pk

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

0

0

1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (4.94)

and has the form of Figure 4.5.

(g) What is the average number of steps in the game?

Fig. 4.5: Survival function of the flea.

P is a special case of a Markov matrix which is defined to be a matrix P with entries pij ≥ 0 such that

∑
j

pij = 1 (4.95)

or

∑
i

pij = 1 (4.96)

or both.

Exercise 4.9 (Special). Imagine a population of of females that can be sensibly divided into age groups

say
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nj , j = 1, ...m. (4.97)

where n1 is the infant group and nm the group about to die. A reasonable scenario is that

nk+1 = sknk, k = 1, ... (4.98)

with the survival rate sk > 0, except for j = m, in which case sm = 0. For k = 1

n1 = f2n2 + f3n3 + ... + fmnm (4.99)

where fj is the fecundity rate telling what fraction of the nj females add to f1

(a) You should find

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

n1

...

...

...

nm

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 f2 f3 · · · fm

s1 0 · · · · · · 0

0 s2 0 · · · 0
...

0 · · · · · · sn−1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

n1

...

...

...

nm

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(4.100)

or

n = Ln. (4.101)

This is called the Leslie model.
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(a) Carry numerical experiments for the female sheep population characterized by

age(years) birth rate survival rate

0-1 0.000 0.845

1-2 0.045 0.975

2-3 0.391 0.965

3-4 0.472 0.950

4-5 0.484 0.926

5-6 0.546 0.895

6-7 0.543 0.850

7-8 0.502 0.786

8-9 0.468 0.691

9-10 0.459 0.561

10-11 0.433 0.370

11-12 0.421 0.000

(b) Describe what happens and relate it to the eigentheory of L

(c) How might you make this model more realistic?

Supplementary Reading

Consider

Ln =

�
������������������

0 0 · · · 0 · · · 0

1 0 0 · · · · · ·
...

0 2 0 · · · · · ·
...

0 0 3 0 · · ·
...

...
...

0 0 · · · · · · n − 1 0

�
������������������

(4.102)

the adjoint of which is seen to be

Rn = L†
n =

�
������������������

0 1 0 · · · · · · 0

0 0 2 0 · · ·
...

..

.
..
.

..

.

...
...

...

.

..
.
.. n − 1

0 0 · · · · · · · · · 0

�
������������������

(4.103)

Matrices are notoriously non-commutative, i.e for square matrices A and B typically
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AB �= BA (4.104)

For example

LnRn �= RnLn (4.105)

which from (4.103) says that Ln does not commute with its adjoint, a property which is true for the symmetric matrices

discussed above. Square matrices that commute with their adjoint

AA† = A†A (4.106)

are special, and are said to be normal. They share with symmetric matrices the important feature that they are diagonalizable

under unitary transformation, i.e., if (4.106) then there exists a unitary U such that

A = U†DU (4.107)

with D the diagonal matrix of eigenvalues.

And to come back the exponential:

Exercise 4.10 (Optional). Use expm to calculate

Sn = eLneL
†
n (4.108)

for n = 2, 3, 4. These are referred to as Pascal matrices, and you can identify with Pascal’s triangle of Lecture 1. Both Ln and

L†
n are idempotent, i.e. there exists an integer, p, such that, e.g.,

(L†
n)p = 0. (4.109)

Find p for L2,L3, etc.

Note eLneL
′
n �= eLn+L′

n , and more generally only if AB = BA is eAeB = eA+B.


